A two dimensional formulation of particle diffraction by two slits is studied within Schrödinger QM. The study is performed by representing the particle by Gaussian wave packet. It is assumed that the wave packet is subjected to a truncation, a confinement and a tunneling condition when passing the slits. The general scheme is studied with details in the limiting cases of a wide and narrow wave packet in the transverse position probability distribution. In the limit case of plain wave the contribution of the confinement to the usual diffraction pattern relative to the truncation assumption is negligible. Instead the pure tunneling assumption strengthens the lateral maxima of the diffraction pattern, but not the central one. A wave packet that enters in correspondence to the slits and narrow with respect to the slit aperture produces a Gaussian spot (rapidly vanishing for entering parameter outside the slits). The pure confinement assumption produces a Gaussian profile that modulates an oscillating pattern whose visibility depends on the configuration of the parameters. The same holds for the tunneling assumption, but for different values of the parameters. The analogy of the results for confinement and tunneling conditions is due to the rough formulation by which the tunneling assumption is expressed. The tunneling condition could be formulated in a more precise way, but the price to pay is that of very difficult calculations.
Introduction
The diffraction of particles by slits represents a distinguishing point between Quantum Mechanics (QM) and Classical mechanics (CM). Originally formulated to be a conceptual experiment [4] the diffraction of particles by slits has been systematically confirmed (for electrons see e.g., [7, 10, 5] ; for neutrons [19] ) with the development of the experimental techniques. On theoretical ground the interference pattern produced by particles passing two slits is explained by the statistical interpretation of the wave function and by the QM superposition principle (see e.g., [9, 2] ). Indeed if ψ 1 , ψ 2 are the plane waves roughly associated to slit 1 and 2 respectively then ψ = αψ 1 + βψ 2 is again a pure state (in contrast to CM where the only non trivial superpositions of pure states are the statistical mixture of them (e,g., [11, 12] ), so that |ψ| 2 = |ψ 1 | 2 + |ψ 2 | 2 . The two slit diffraction pattern can be obtained also by representing the incoming particle by proper states such as Gaussian wave packets [13, 14] . The use of Gaussian states is sufficiently general because it includes the limit case of plane waves and that of wave packets narrower than the slit aperture. Moreover, owing to the very sophisticated development of the experimental techniques, possible deviations from the standard shape of the interference pattern can be better described by Gaussian-like states. This is the case of incoming particles that interact with the wall of the slits. Such a study has been developed in [15, 16] for a quite general interaction potential. There results that superimposed maxima in correspondence to the edges of the slits appear in the two slit diffraction pattern for particles whose Gaussian wave packet is narrow in the momentum probability distribution. The numerical relevance of those maxima has been evaluated in [17] . In case of van der Waals-like interactions (see the similar treatment [6] ) the results are coherent with the experimental data.
The two slit diffraction of particles is also a point where to compare the predictions of QM with those of Stochastic Electrodynamics with spin (SEDS). (For a review of SEDS see [3] ). The comparison of the two theories was originally studied in [13] . There it appears that the predictions of Schödinger QM and SEDS do not completely agree. It should be noted however that the comparison is not fully balanced. The mentioned QM treatment is completely basic and does not consider any physical interaction, while the SEDS treatment is based and heavily uses electromagnetic interactions. The QM predictions have been refined, on the one hand, by taking into account the mentioned interactions with the wall of the slits [14, 15, 16, 17] . On the other hand the basic QM treatment has been improved in case of particle passing a single slit [18] . There the time evolution of the wave packet after the slits was described as coming from two contributions. A first one corresponds to a truncation assumption on the wave packet when passing the slit. A second one is obtained by considering that the y-dependence of the wave packet when passing the slit is that of a one dimensional free particle confined in the region of the slit. This involves the use of a discrete set of eigenfunctions that vanish on the boundaries of the slit, on which the initial state of the y-time evolution of the wave function after the slit is developed. There results a modification of the interference pattern. In case of packets, narrow with respect to the slit aperture, the resulting Gaussian spot modulates an oscillating interference pattern that is visible under a suitable configuration of the physical and geometric parameters (similar effect was noted also in [8] ).
The object of the present paper is to extend the confinements considerations of [18] to the diffraction of particles by two slits. Such extension cannot however be formulated, as proposed in the remarks of [18] , by simply juxtapose confinements effects of single slit. The scheme is as follows. We assume a two dimensional formulation of the problem. The slits are located on the y-axis, symmetrically with respect to the x-axis. The wave packet describing the incoming particle is factorized in the x and y dependence. It is constructed by generalized eigenfunctions of the Schrödinger free particle operator that vanish on the boundaries in the weak sense, as discussed in [13] . It is assumed that the x, y dependence of the wave function remains factorized during and after the passage of the slits. The y-dependence after the slits, that gives the shape of the diffraction pattern, is due to three kinds of effects. The first one is that obtained by "truncating" the packet when passing the slits. It gives the usual interference pattern [14, 16] . A second one is due to the confinement assumption of the two slits separately. More precisely, the initial state of the time evolution after the slits, is developed on the states of a one dimensional free particle confined in the region of the slits. This is the counter part of the confinement assumption for a single slit discussed in [18] . The third contribution is a follows. According to the standard interpretation of QM it is not possible to establish whether the particle passes the slit 1 or slit 2. Otherwise the statement would correspond to a sort of quantum observation that destroys the interference pattern on the screen. One has therefore to admit the particle to pass from one slit to the other. The scheme is difficult to study exactly (see the last Section). A crude way of characterizing such "tunneling" possibility is of admitting a confinement of the particle, when passing the slits, in a region of the y-axis that goes from the upper edge of the upper slit to the lower edge of the bottom slit. Therefore the corresponding eigenfunctions are not assumed to vanish in the y-region of the wall between the slits.
The general formulation is discussed in meaningful limiting cases. For an entering wave packet peaked in the y-momentum distribution (plane wave-like packet) the first confinement assumption does not gives meaningful modification of the pure diffraction pattern due to truncation. Instead the second confinement assumption strengthens the lateral maxima of the pure diffraction pattern. In the limiting case of a spatially peaked y-wave packet, both the confinement and tunneling assumption produces a Gaussian spot that modulates an oscillating diffraction pattern. The oscillations, that are different for the two assumptions, are visible for suitable configurations of the parameters. They are the analog of the confinement assumption for single [18] slit but refers to different confinement regions.
It would be interesting to perform an experiment to show the existence or the non existence of the mentioned confinements effects. Combined with the results of two slit diffraction with interaction with the wall obtained in [16, 17] , the present results should also be the basis for a comparison with the previsions of SEDS. However to completely discriminate between QM and SEDS one should consider also a quantization of the fields involved in the QM treatment. This is an open problem, beyond the object of the present scheme.
Formulation of the scheme
The diffraction of particles by two slits can be treated, with good approximation, in the two dimensional formulation. We assume the region of the (x, y)-plane, not accessible to the particle, to be given by 
2 . Accordingly we represent the particle, coming from the remote x-regions, by a Gaussian wave packet ψ(x, y, t), centered at P (t) ≡ (x(t), y(t)), freely moving with velocity
When the particle reaches the slits, the wave packet is highly modified by the presence of the wall. Part of it is reflected by the wall and part of it passes the slits. We assume that, after the slits, the wave function ψ out (x, y, t) remains factorized in the x, y dependence
The time evolution after the slits is again Schrödinger-like with initial state ψ 0 = ψ(x, y, t 0 ) = ψ(x, t 0 )φ ( y, t 0 ) = ψ 0 (x)φ 0 (y) at time t 0 (considered as the time in which the particle passes the slits). Since along the x direction no interactions are considered, by possibly redefining the initial time, ψ out (x, t) is again of the form (2) . For what concerns φ out (y, t) we assume that it results from different contributions. There is first a truncation assumption, in analogy with the elementary case of plane wave, according to which the wave packet emerges from the slit proportionally to the characteristic function of the set S 1 S 2 . A second point is that the particle in the region of the slits can be considered as a free one dimensional particle confined in S = S 1 S 2 . From standard results in QM [9, 2] , the corresponding Schrödinger operator admits of a discrete set of eigenfunctions that vanish outside S 1 S 2 : There is finally a third aspect to be considered. According to the standard interpretation of QM it is not possible to establish whether the particle passes through slit 1 or slit 2. Otherwise this would imply the existence of some observation process that would destroy the interference pattern and produce a classical statistical distribution of the particle on the screen. Therefore one cannot exclude a "tunneling" effect of the particle between the slits. One can only admit that a tunneling effect is a priori possible. To test whether this is due to a getting around process of the particle or not, would destroy the interference pattern. (If the problem would be exactly one dimensional the "tunneling" would not be possible on account of the infinite barriers in y = ±a). As discussed in the final comments, this aspect can be formulated in a sufficient clear way, that however lead to very difficult calculations. Here we propose a crude characterization of the "tunneling" effect by simply admitting that the particle, when passing the slits, is also confined in the region −b < y < b of the y-axis with infinite potential barrier in y = ±b, but not in y = ±a. The eigenfunctions of the corresponding one dimensional Schrödinger operator that vanish in y = ±b are
As previously admitted we will assume also here the substitutions p n → p y , w pn → w py , p y ∈ R to facilitate the calculations. By combining the above considerations, we are led to assume that, after the slits, there is an (y, t)-dependence of the wave packet of the form
φ S (y, t) = R dp y u py e
φ T (y, t) = R dp y u py e
φ S corresponds to the pure diffraction by truncation, φ C to the confinement diffraction and φ T to the "tunneling" diffraction. These contributions will be discussed in the limit of meaningful situations.
Spatially large wave packet in the y-probability distribution
A first situation of interest is the one that approximates the plane wave case. Consider then the expression (3) φ 0 (y) = φ(y, 0) and suppose β 1,
Under this approximation the integral (8) can be exploited as in [16] to obtain
The result follows by first integrating over p y and then over η after neglecting terms like iη 2 m/(ht). Such term would produce oscillations whose half-wave contribution cancel under integration on account of (11) .
For the calculation of φ C , one has to consider
To perform the integration we set β 2 = 0 in φ 0 (η) and integrate over p y by using
. By neglecting, with the same motivation given above, terms of the form (η ± b) 2 , the resulting integral over η can be performed exactly thus giving (14) Note that the result vanishes for p oy = 0. By proceeding in the same fashion and with the same approximation β 2 = 0 and neglecting terms like (η ± b) 2 one finally obtains
In the given approximation the complete diffraction pattern is given by |φ out (y, t)
We are interested to the case p oy = 0. Up to interference terms the main contributions are then given by 
The expression (16) is the well known oscillating diffraction pattern with decreasing lateral maxima, modulated by the much more slow oscillating profile of the cosine function. From (18) , the analogous of the confinement contribution for single slit is not given here by φ C , but rather by φ T . It does not modifies the central maxima but rather strengthens the lateral ones.
Wave packet narrow in the y-spatial probability distribution
We restrict now to situations for which
The calculation of φ S (y, t) has been already performed, under the present approximation, in the more general case of slits of different aperture [16] . By specializing those results to the present situation one has exactly
where erf z = 2π
. For what concerns φ C , both integrals in (13) can be performed exactly by means of the formula exp[−(Ax
. In case p oy = 0 one obtains
where the limit β 2 1 has been already performed in the arguments of the erf function and in the expression of the coefficient in front of (23). By further exploiting the limit β 2 → ∞ in (23) one is left with
Note that the integrals rapidly vanish for y 0 outside the intervals
Similarly the integral (10) can be performed, with good approximation, by extending to R the interval of integration over η. One obtains
In the case of interest y 0 = p 0y = 0 one further has
The object is now to compare the confinement contributions to the pure truncation diffraction pattern. One has from (20), (21)
This is a pure diffraction contribution. It represents a Gaussian spot that vanishes rapidly for y o ∈ S 1 ∪ S 2 .
As to φ C in (24) it appears that the first term, hereafter denoted φ 1C is essentially non zero for y 0 ∈ [a, b] while the second one is non zero essentially [18] .
Finally, from (27), the tunneling diffraction contribution is given by
This term is again of the form (29), the oscillation being visible now if β > 2π √ 2/b. This is coherent with the expectations on account of the rough tunneling assumption (6) . In (28), (29), (30) we have put into separate evidence the contribution of truncation, confinement and tunneling assumptions to the diffraction pattern. The exact diffraction pattern is however given by the very complex structure of |φ out (y, t)
In the previous Sections the diffraction of Schrödinger particles by double slit has been studied by means of Gaussian wave packet. No interaction with the wall has been taken into account (this aspect was considered in [14, 15, 16, 17] ). The study has been performed by the assumptions of truncation, confinement and tunneling of the Gaussian wave packet when passing the slits. The effect of the truncation assumption has been previously studied for both single and double slit obtaining the usual interference pattern (see e.g. [16, 17] and references therein). The confinement assumption, that was discussed for single slit in [18] , is here extended to the double slit with results in agreement with theoretical predictions. As discussed in the Introduction the "tunneling" assumption of the wave function from one slit to other cannot be excluded, coherently with the physical interpretation of the Schrödinger QM. A more precise formulation of the "tunneling" condition should be that of requiring that the y-dependence of the particle in the region of the slits be that of a one-dimensional Schrödinger particle subjected to the potential
U 0 |y| ≤ a U 0 a parameter to be determined experimentally. The eigenfunctions of the corresponding Schrödinger operator H oy should be used as a basis over which to develop φ 0 (y) in order to obtain φ T (y, t) in (10). On account of the form of V (y) and the property V (y) = V (−y) the set of the eigenvalues W yn of H oy are simple and countable (e.g., see [9, 2] ). The eigenfunctions z n (y) satisfy z n (y) = ±z n (−y), z n (±b) = 0. In each region S 1 , S 2 , S 3 ≡ (a, b) they are linear combinations of elementary exponential functions whose coefficients depend on the eigenvalues p n 's where W yn = p 2 n /2m. The continuity conditions of z n (y), z n (y) in y = ±a determine both the coefficients (that explicitly depend on p n ) and the eigenvalues W yn that can be determined graphically. There results that p n ∝ nhπ, n = 0, 1, 2, .... Therefore, also in this case, the p n 's are very densely distributed on the real axis. Moreover a (possibly zero) finite number of W yn are such that W yn < U 0 and a countable set of W yn are such that W yn > U 0 . Unfortunately the eigenfunctions of H oy so determined have a complicated dependence on p n . Even in the continuous limit p n → p y the integration over p y in (10) , with the choice w py (y) ≡ z py (y) seems very difficult. For this reason it has opted here for the drastic formulation (6) that corresponds to the choice U 0 = 0. The correct formulation of the tunneling assumption, according to the oversimplification proposed, is left open.
By combining the previous results with those that take into account the interaction of the particle with the wall of the slits (e.g., [14, 15, 16, 17] ) one has sufficient elements to compare the previsions of the scheme with the experimental results. As mentioned, the results are coherent with experiments in case of van der Waals interactions. The availability of experimental results for the other interaction potentials discussed in [17] would allow the determination of the values of the corresponding strength constants. It would be also of interest to verify if the confinement and tunneling assumptions discussed above have an experimental counterpart on the shape of the diffraction pattern.
One could try to improve the scheme by considering relativistic particle with spin. The expected modifications however should be only for ultrarelativistic velocity, at least for incident electrons [15] .
As pointed out in [13] there are discriminating expectations from the present scheme (without interaction of the particles with the wall) and those of SEDS. In this regard it should be noted that the SEDS version of the scheme [3, 14] widely uses electromagnetic interactions. Therefore the comparison of the previsions of SEDS and QM should be done by considering the QM previsions that include the results of [16, 17] .
Finally an overall improvement of the study should be that, not considered here, of a quantization of all the fields involved.
